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Abstract 

In this work we make use of deformed operators to construct the 
coherent states of some nonlinear systems by generalization of two 
definitions: i) As eigenstates of a deformed annihilation operator and 
ii) by application of a deformed displacement operator to the vacuum 
state. We also construct the coherent states for the same systems 
using the ladder operators obtained by traditional methods with the 
knowledge of the eigenfunctions and eigenvalues of the corresponding 
Schrodinger equation. We show that both methods yield coherent 
states with identycal algebraic structure. 

1 Introduction 

In this work we make use of two different methods to construct ladder op¬ 
erators for different potentials and exemplify the methodology with a well 
known example. On the one hand, we make use of the knowledge of the 
eigenfunctions of the corresponding Schrodinger equation and apply a stan¬ 
dard procedure for their construction 0 0. On the other hand, we make 
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use of the idea of deformed oscillators introduced by Man’ko [3] and, by 
making the appropriate choice of the deformation function, a Hamiltonian of 
the harmonic oscillator form written in terms of deformed operators yields 
the eigenvalues of the corresponding Schrodinger equation. Once we have 
constructed the ladder operators with each one of these methodologies, we 
construct their coherent states as eigenstates of the annihilation operator and 
by the application of the displacement operator to the vacuum state. 


2 Ladder operators 

In this section we use a standard procedure for the construction of ladder 
operators for a system whose analytical solution is known. As an example 
we consider a trigonometric potential given by: 

V(x) = £/otan 2 (aa:) (1) 

where U$ is the potential’s strength and a its range. The number of bound 
states for this potential is infinite. It’s eigenfunctions and eigenvalues are [1]: 


^n( X ) = 


\ 


— + ^ ( COS ( aX )) 1/2 P nil-l/2( sin ( ax ))’ 


( 2 ) 


Ti^qP' 1 n? 

En = ~2^ {n2 + 2nX + X) = Mn + 2 + 2A } ’ (3) 

where /r is the mass of the particle, u> = k\a 2 //z and the parameter A is 
related to the potential strength and range by A(A + 1) = 2 [lUo/h 2 a 2 . 

In the harmonic limit A —» oo and a —» 0 with A a 2 = fxuj/h. 

Making the change of variable u = sin(ax) we can write the eigenfunctions 


as 


^n(«) = 


a(A + n)T(2A + n ) 
AJ r(n + i) 


(i - « 2 ) 


1 / 4 pl/2-A / \ 
r n+\-l/2\ a ) 


(4) 


The action of the differential operator d/du acting upon the eigenfunctions 
ipn(u) can be obtained from its action upon the Legendre polynomials: 


(1 - x 2 ) 


dPJf(x) 

dx 


(1 + v)xPj?(x) -(u-n + l)P{f +1 (x) 


(5) 
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Calling 


AC = 


a(X + n)r(2A + n) ja(\ + n)T(2A + n) 

\ r(n + l) = V n\ 


we get: 


du 


{ n + A 
\ 1 — u 2 



*l>n ( U ) 


2A + Tl N n u,X 
1 - N X +i ^n+l 


(«) 


( 6 ) 


rearranging terms, substituting the normalization constant and defining e = 
A + n we obtain the following relation between the eigenfunctions ^(it) an d 
V’n+iW: 


(1 - u 2 ) = \/(n + l)(2A + n)^ +1 (u) (7) 

so that, the operator M + defined by 

M+ = (1 “ “ 2) (“SI + T^?“) (8) 


acting upon the function ^)(w) yields 


M +^n( U ) = m +^n+l ( u ), m + = \J ( n + 1)(2A + n). (9) 


In order to construct the annihilation operator M_ we first make use of the 
relationship [19] 

(! - = ~vxP„(x) + (v + n)P?_ i(x). 

Acting upon the eigenfunctions pA(?j) we obtain 


#n(w) 

du 


(■n + A) 

1 — M 2 


U^n(u) + 


n N* 
l-u^Ntx 


i’n-l 


(«) 


( 10 ) 


rearranging terms and substituting the explicit form of the normalization 
constants we get: 


< 1 -“ 2 >U + 



\Jn(2\ + n — 1 )^_i(u) (11) 
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and we can define the annihilation operator 


M_ = (l^« 2 ) - + 



v '\du ' e 

whose effect acting upon the wavefunction ipn( u ) is 

M_^{u) = m_ = yjn( 2A + n - 1) (13) 

In order to recover the harmonic limit we dehne the operators b\ b as: 

P = Wx M+ ' b= Wx M ~ (14) 

whose action upon the eigenfunctions ^ is: 


H X n = 


ln( 2A + n — 1) A 


C-i = 


&Vn = 


( n + 1)(2A + n) A 


V'n+l = Mn+1- 


The commutation relations between the operators b\ b are obtained from 
their action upon the eigenfunctions ■0*: 


A (n(2X + 7i—l) (n + l)(2A + n)\ A _ 2(A + n) A 


[S f , 6]^ = 


calling the operator 




i 0 = h±l) = 1 + * 


we obtain the commutation relations: 

[b,tf}= b 0 , [b,b 0 ] = jb, [b\b 0 } = -^. 

In the harmonic limit the operators b go into 




I h d nan 
2/ica dx V 2h 


-C (17) 


/ ft d I jiu 

2/ica dx V 2h 


as they should. 
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3 Deformed Oscillator 


In this section we introduce deformed boson creation and annihilation oper¬ 
ators Af, A which differ from the usual harmonic oscillator operators a, af 
by a deformation function of the number operator, that is, 

A = df{n) = f(h + l)a, A * = f(n)a * = af f{h + 1). (21) 


In this work we will consider real and positive functions of the number oper¬ 
ator h = afa. 

A Hamiltonian of the Harmonic oscillator form written in terms of the de¬ 
formed operators becomes 

hO 7)0 

Hd = — (A* A + = _ + (ft + 1 )/ 2 (ft + 1)) . (22) 

The explicit form of the energy spectra can be fixed when one specifies the 
deformation function. As a first example let us consider the trigonometric 
Poschl-Teller energy spectra given by Eq. [3j If we choose the deformation 
function as: 

/a w=S (ft+2A_i) (23) 

the deformed Hamiltonian given by Eq. [22] becomes 

H d = (n 2 + 2A h + A) (24) 

Zj Uj 

whose eigenvalues are identical with those of the trigonometric Poschl-Tcllcr 
potential given in Eq. [3] 

The action of these operators over the states of number | n) give as result 


A\n) = 


ln( 2A + n — 1) 


2A r 


\n 


-1), A'|n>= y/ 


(n + 1)(2A + n) 

2An 


n + 1) (25) 


notice the similarity with Eqs. [[5] and [El Because of this, if we take a hamil- 
tonian of the harmonic oscillator form in terms of the operators b , if the 
eigenvalues will be the same as those shown in Eq. [3] i.e., they are isospectral. 


Once we have fixed the deformation function, the operators A, A are 
determined and the algebraic properties of the system can be explored. The 
commutation relations between the deformed operators are 

„ „ hn 2 „ 

[A, A*} = —— (n + A), [A,h\ = A, [A\h] = -A\ (26) 
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notice that the set of operators {A, A\ h, 1} is closed under the operation of 
commutation. 


4 Coherent states 

The first proposal for the construction of what is now known as a coherent 
state was done by Schrodinger in 1926 [5] in connection with the classical 
states of the quantum harmonic oscillator. Much later, in 1963 Glauber|6] 
constructed the eigenstates of the annihilation operator of the harmonic oscil¬ 
lator in order to study the electromagnetic correlation functions and showed 
that such states are enormously useful for quantum optics. At about the 
same time, Klauder [7j developed a set of continuous states in which the 
basic ideas of coherent states for arbitrary Lie groups were contained. In 
the early 70’s the complete construction of coherent states of Lie groups was 
achieved by Perelomov [8] and Gilmore [9j. The basic theme of this develop¬ 
ment was to connect the coherent states with the dynamical group for each 
physical problem. Since then, the idea of generalizing the concept of coherent 
states to arbitrary systems has been considered, one of the difficulties being 
that the different generalizations lead to different results mmm- For the 
harmonic oscillator there are three alternative definitions for the construction 
of its coherent states: i) as those states that saturate the dispersion relations 
Ax A p = ti/ 2, ii) as eigenstates of the annihilation operator a\a) = a\ a) and 
in) by displacement of the vacuum state -D(a)|0) = |a). In this work we 
consider the generalization of two of the abovementioned definitions. 

4.1 Coherent states as eigenstates of the annihilation 
operator 

Coherent states for the trigonometric Posclil-Teller potential can be obtained 
as eigenstates of the annihilation operator b 

b\a, A) = a\a, A) (27) 

The states | n, A) form a complete set, then we can write the coherent state 
|a, A) as: 

OO 

\a, X) = J2 C n \n, X) (28) 

71=0 
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We have then, by application of the annihilation operator b to the coherent 
state 



and we thus find the relationship between the coefficients C n and C n _i 



Further applications of the annihilation operator yield relations between C n 
and C n _ 2 , C n _ 3r .. until after n applications we finally get a relationship 
between C n and C 0 : 


(2A + n — 1)(2A + n — 2) ■ ■ ■ (2A) 

(2A Y 



a n C 0 . (30) 


Then, substituting into Eq. [2S]the coherent state |a, A) can be written as: 



(31) 


with Co a normalization constant. 

4.2 Displacement Operator Coherent States 

In this section we construct the coherent states by application of the general¬ 
ized displacement operator upon the vacuum state. In order to do that it is 
necessary to make use of the commutation relations between the ladder op¬ 
erators and the number operator. With the ladder operators we constructed 
in section 1 we have the commutation relations: 



since the set of operators { b , ¥, 6 0 } is closed under commutation we can write: 

D D (a) = exp [ati - a*b\ = e “+ st e Q ° So e“- S (33) 


(33) 
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with complex functions a + , a 0 , ct_ to be determined. Using the results of 
Ref. [13] we obtain: 


Dr>(a) = exp 


a tanh(|o!|/\/2A) 
- 1 = -o 

|a|/v^A 


exp 


—2Aln(cosh(|a|/\/2A))6o] x 
a* tanh(|a;|/-\/2A) t 


exp 


a 


I/V2A 


with cc = |ct|e^ and £ = e l< Hanh(|a:|/\/2A), the deformed displacement op¬ 
erator can be written as: 


D d (0 = exp (1 - |C| 2 ) A6 °exp 


—(*V2\b 


Applying it to the vacuum state we obtain the coherent states 


10 = £> d (C)|o,A) = (1 


ICIYE, 

n=0 \ 


T(n + 2A) 
n!f(2A) 


C\n,X) 


(34) 


(35) 


4.3 Coherent states as eigenstates of the deformed an¬ 
nihilation operator 

Let us now construct their coherent states as eigenstates of the deformed 
annihilation operator mm 

A\aJ)=a\a,f) (36) 

As in section 14.11 we express them as an expansion in the basis of number 
states (|0),|1),...»,...} 


\ a J) = N f'52 c n\ n )> ( 37 ) 

n =0 

substitution into Eq. [36] yields the following relation between the coefficients 
c{ and c s n _ x \ 

C nf( n )Vn — ac n-l (38) 

applying the annihilation operator n times we obtain: 

c n/( n )-^^ = « n Co 
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(39) 
















where f(n)l = f(n)f(n - 1) • • • /(0). 
Then the coherent state is given by: 


OO 


a,f) = N f J2 

n =0 



(40) 


Substitution of the explicit form of the deformation function yields 


OO 

o,/) = iV/E, 

n =0 \ 


(2A 0 )"T(2A) 
n!T(2A + n) 


a n \n) 


(41) 


with Nf a normalization constant. Notice that the coherent states we have 
constructed with the knowledge of the deformation function have an identycal 
structure as those obtained via the ladder operators in section 14.11 


4.4 Coherent states obtained via the deformed dis¬ 
placement operator 

From the commutation relations given by Eqsj26] we notice that the set of 
operators {4, 4t,n, 1} constitute a finite Lie algebra. For convenience we 
define 

g(n ; a, A) = ha 2 (A + n)/fifi. = —-— 

A 0 

with Ao = /if1/ha 2 so that the commutation relations given in Eqs. 1261 become 

A A - - 

[4, g{h\ a, A)] = —, [4 f , g(h\ a, A)] = - —, [4, 4 f ] = g{h\ a, A). (42) 

Ao Ao 


clearly, the set of operators {4,4*, g{n\ a, A)} is closed under commutation 
and the deformed displacement operator i(a) obtained by the replacement 
of the usual harmonic oscillator operators a, a' by their deformed counter¬ 
parts can be expressed in terms of a product of exponentials. That is, 


Dd(ol) = exp 


x exp 


' t anh (4=) ' 
a-r4^4 f 


M 

V2Ao 

tanh( 


exp 


a 


-2A 0 ln(cosh(-==))^(n; a, A) 

V ^Aq 


M 


— cm -r-p^_4 


V2Aq 


(43) 
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if we now define £ 0 = e*^° tanh(|a|/i/2Ao) and write a = |ct|e*^ 0 we obtain 
after a little algebra: 


D d { Co) = exp 


Co\/2Ao^ ( 


i . ,o\ Aog(n;a,A) 

ICol exp 


CoV 2 ^ 


(44) 


The coherent state obtained by application of this deformed displacement 
operator upon the vacuum state yields 


oo /*n 

ICo) = C D (C„)|0> = (1 - |Co| 2 ) A E(2A 0 )”' 2 ^2=/(n)!|n) (45) 

n—0 vn\ 

replacing the explicit form of the deformation function we obtain finally 


m \ _ (i _ m i2na y' T(?r + 2A) 
ICo> M 5 £\ «T(2A) 


Co»- 


(46) 


These coherent states have exactly the same algebraic structure as those 
obtained with the ladder operators 6, constructed in section 14.21 


4.5 Other examples 

We now consider a harmonic oscillator with an inverse square potential in 
two dimensions. The potential has the form 


t t- / \ 1 no Tl CX 

V r = -pu r + -—- 
2 Z/ir z 


where oj is the frequency of the oscillator and a is the potential strength. As 
shown in [16], the eigenfunctions are 

iUri = N nP ‘e-iLM, N„ = / r(n+ 2 ;[ +1) 
and the eigenvalues are 

E n = 2{n + s + -), 

where s = \/a + m?/ 2 with m = 0, 1 , 2,..., n = 0, 1 , 2,..., L); s (p) is the 
associated Laguerre Polynomial and the units used were h — fi — u — 1. 
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The ladder operators obtained after the application of the usual procedure 
are: 

£- = -p-j- + s + h- £+ = p-^- + s + h + l-£ (47) 

dp 2 dp 2 

whose action upon the eigenfunctions is: 

C-\n, p) = \Jn{n + 2s)\n— 1 ,p), C + \n, p) = \J\n + l)(n + 2s + l)|n + l,p). 

(48) 

and their commutation relations are 


[£_,£+] = 2 £ 0 , [£ 0 ,£-] = -£-, [Co ,£+]=£+. 


(49) 


where the operator £ 0 = n + s + ~. 

Following the methodology of section 14.11 we obtain the coherent states: 


a 


> = a,E 


a 


\Jn\(2s + n)(2s + n — 1) • • • (2s + 1) 


\n,p) 


(50) 


= C'oE 


a 


72—0 


r( 2 «§ + 1 ) 

\ n!r(2s + n + 1) 


I n,p). 


When using deformed operators for the trigonometric potential we found that 
a deformation function of the form given by Eq. [23] could reproduce the energy 
spectra. In this case there is no quadratic term in the spectra so we will take 
a antisymmetric combination for the factorization of the Hamiltonian. That 
is: 

H d = AA t — A^A — {n + l)/ 2 (n + 1) — nf 2 [n). (51) 

We propose a deformation function of the form 


/ 2 (h) = ah + b 


(52) 


with a and b real constants to be determined. Substitution into Eq. [5T] and 
comparaison with the eigenvalues 

(h + l)/ 2 (h + 1) - hf 2 (h) = 2 (ha + = 2(n + s + ^) 

yield a = 1, b = 2s so that the deformation function for this potential is: 

f 2 (h)—h + 2s. (53) 
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Once we have selected the deformation function, the deformed operators are 
specified. Their commutation relations are: 

[A, A*] = 2(n + s + -) = 2Ao, [Ao, A] = —A, [An A^] = A^. (54) 

The coherent states obtained as eigenstates of the annihilation operator 
can be obtained by direct application of Eq. HOj The result is: 


a 




a 


n=o sjn\{n + 2s)(n + 2s — 1) • • • (2s + 1) 


= */£ 


a 


n =0 


T(2s + 1) 

\ n!T(2s + n + 1) 


| n) 


|n) 


(55) 


which have exactly the same structure as those obtained as eigenstates of 
the annihilation operator Since the algebraic properties of the oper¬ 
ators {£+,£_, £ 0 } an d the deformed operators {A,A\A 0 } are the same, 
the coherent states obtained by application of the generalized displacement 
operator with either set will have the same structure. 


5 Discusion 

In this work we constructed the ladder operators corresponding to a trigono¬ 
metric potential and to a harmonic oscillator with an inverse square poten¬ 
tial and with them we found their coherent states by generalization of two 
definitions. As eigenstates of the annihilation operator and as those states 
obtained by the displacement of the vacuum state. We also made use of de¬ 
formed operators with the deformation function chosen in order to reproduce 
the energy spectra of each case. For the trigonometric potential the defor¬ 
mation function was such that a Hamiltonian of the harmonic oscillator form 
written in terms of these operators gave the same energy spectra. For the 
other case we used a antisymmetric combination of the deformed operators 
in order to reproduce the energy spectra. With these operators we also con¬ 
structed the coherent states using the two generalizations mentioned above. 
We found that the coherent states obtained by the two methods have iden- 
tycal algebraic structure. We have also considered other potentials whose 
eigenfunctions and eigenvalues are known and whose ladder operators have 
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been obtained as for instance the Morse potential, the hyperbolic Poschl- 
Tcller potential and the ring-shaped non spherical oscillator mum- From 
the knowledge of the energy spectra we have obtained the deformation func¬ 
tion and the corresponding deformed operators. In all the above mentioned 
cases the coherent states obtained with the deformed operators and those 
obtained with the ladder operators have identycal structure. 

We have to mention that the deformed operators method, which we use for 
obtain coherent states of the systems analyze, is much faster, powerful and 
elegant than the ladder operators method, constructed from the eigenfunc¬ 
tions of the corresponding Schrdinger equation. Due to the first one doesn’t 
need to know the explicit form of these, just enough to know the energy 
spectra of the system and it comes down to find the deformation function 
that reproduce the spectrum. 
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